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- ON THE HYPOTHESIS OF A QUASI- STAWIONARY EUKFACL LAYER
 I¥ THE THEORY OF THE TURBULENT DIFFUS ION OF A HEAVY
AEROBOL IN THE BOUHDARY,LAYER OF - THE ATMQQPEERE

'ZTFollowing is the translation of "O gipateze kvazi-
stetsionarnogo prizemnogoe sloye v teorii turbulentnoy -
diffusii tyazhelogo aerozolya v pogranichnom sloye o
atmosfery" (English version above) by I.L. Karol! in P
Izv, Akad. Nauk SSSR, ser, geofiz., (Trang. AS USER, g@oa
phys., ser,), No. 5, 1960, pages 758~761.7 :
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: 1. In papers [”1ﬁ7 and [“2;7 on the aemi«empirica] theory |
of turbulence, we examined the non-etationary process of vartic&l
turbulent diffusion of & heavy homogeneous aerosol from an in- ;

stantaneous point sourece, placed high above ihe surface layer of

the atmasyhera. Since the exact solutlon of this problem is

tediousy and ef little use for analysls and numerical caleulation,s
& simple aprroximate solution was described in /1.7, in which -§
the variation of the coefficient of vertical turbulent dmffuaicn %
in the surface laver was taken into account in the boundary
cendition for the problem at ground level. : ) ' R ¢

The exact solution of the preblem can be simplified dn

enother way, In papers /37, /47 and /°57 on the theory of

temperature distribution and the thermal transformation of air
masses in the boundary leyer of the atmqsﬁhefe, it was shown
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{ ed aB guasi-stationary from some time sufficiently long after

that the temperature change in the surface layer can be consider-

the'beginning of the process, i.e., we can ignore the partisal
derivatives with respect to time in the corresponding differont«
izl eguations,

In this psper we discuss the possibility of applying the
hypethesie of & quasi-stationary surfaceflayer to the problem

of the turbulent diffusion ¢f & heavy asrogol, and the cormect-
jon between the approxim&te solution obtained in this way and
the approximate solution found in [&1;7.

In /1.7 and [«2:7, the dimensionless concentration Q{T t)
of the serosol is defined as that solution of the equation

dq 09 .
LvFewrOGE )
L :gi | .
K(Q)"—*{i; t>i$ ‘

which satisfies the initial and boundary canditiona . ;
q 0, t =3 — o
( } ( A) (1.2) _;

. g0, §«¢+c~o [K(t)&q/&tmﬁq}:maezo 6 ?"‘““” (1.3)

' We shull use the notation of L17 and [‘2;7: bt
yz:m'ﬂ are, respéctively, dimensionless time, the vertical f
coordinate, the height of the 'unevenness layer', the height of
the source, the velocity of the gravitational subsidence of the'
aercsol, and & parameter characterising the reciprocal action
of the serosol and the surface of the earth (B = 0 - reflection,
/B = co - absorption of the aerosol by the earth)., The height

s e i e M s

of the surface layer is taken to be equal to unity and to




o

babare g
j e Ay = e v/2 :}; V¥4 + po; P = (xlt - v’)/é

be greater than X >1%,

Taking the diffusion in the surface layer to be quasi~
stationary, we replace (1.1) by the eguation

W . g o  ag® g 2 @ B
X aql aq, o % 95 1. et 1m0
Ll A T ‘“‘“‘“_ R Sl Ul e

In this csse the concentration g,(‘a Z) of the serosol is
found by sclving the problem (1.1a) - (1.3) in exmotly the same
way as the problem (1.1) - (1.3) was eolved in /1 7 end [e 7,
in partiau}.af by ueing a one-sided Lsplace transformation for‘
the timé « and by subaequent asymptotic reprasentation of the

M@llm rotation integral for large values of T and with xn ) mi *
| Is this way we obtain the following a.aymptotic representation . |

for 40 rorif<t<ys

3

e ‘,--'(m--v'r)?/m'

1.

Oat V0GB w—-'ah%co) —B
¥,y (Portos 8= T ¥ >0 Yo (por Lo ) = R TR

. vaO R : (15)

. The solution ’gz'('t';g) of the problem (1.1) « (1,3) in the.
leyer 1< ¥4 X also hes the asymptotic representation (1.4), but
the function %(P c ,ﬁ)is then =& complicated exprmsion (aw

[2]) imrolving the modified Bessel functions I (2 V}?,,).IK (2 Vpa), .

1 (2 P Pote) K (29 Pot;o) ’ ‘

* In [? 7 ve aleso discussed the oase when there is a stesdy
change in the coefficient of vertlical turbulent diffusion in the
surface layer, K(C)xzt‘ 1<, 0<e 2, for a'weightless

 compound! (m-G). -

. , 2
X

(2’ (r, C) 22 V.m.a (Ar—2s) {e"’" (K-f«J-.) — M (U, (P&-to-e” [1 + 0 (""1{:’“)] (1. 4};
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[ Let us consider the case v=0. If we take Xy s to be
bounded and let 7 -» co, then Po-": ,‘41’—,0 A ..ai;/po..,o « Then,
by using the sxpression for Besael funetiona for gnall argumentﬁ,
it is easy to see that in this case ¥, (f;, )becomes ALY ¥ t.,iz;)
i.e. the principal term in the asymptotic representation of L
g"’('l’.', {), the solution of the 'exact’ problen (1.1) - (1.3),
is, for large values of T, equal to the'principal term of
?(?(;z,t), the solution of (1.18) - '(1.3), the problem with a quasi~
stationary surfaoce layer*, '

Al

ﬁe shall now take ¥ >0, and, for simplicity, we put §°n O*4
Then the expression will take the form (see [27)s

VPO v+l (2 Vpo)‘""ll (2 Vpo) :
Vpol.+,(2V“)-Ae1 (zm) ) B - {1.6)

¥, (Po'o 6) =

As 'rarw and for bounded %, since P"’“"’M%O "i“’“”lz

in this case (l 6) does not become equa.l %0 \P'u(p,,o e)wk‘/x,

for 1&) (%, £) , the solution of (1.1s) ~ (1.3), although : z

a8 T—+00 the limits of these expressions are equal,lim‘!’ (P.-O 9) “"‘{

lim‘l’,l(po,o 6)--1 . It is easy to see that this also happens when
:> O and for any values of the parameter P

* There is a similar result for & 'weightless' compound in the
case K ({) = t',‘o<¢<z in the surface layer,

**The possibility of ignoring the height of the 'unevenness
layer' is examined in / 1 7 and [ 2_/, where it is established
that if this is done the solution does not depend on the
parameterﬁ




L1

Thus, when we are concerned with the diffusion of &
hesvy compound (¥ > 0) the principal term in the asympiotic
representation of the solntion yw(z? ¢) of the 'exact!
problem (1.1) = (1.3) does net become equsl to that of gg&Q””Qﬁ
the solutiqn of the problem with a quari-stationary surface
1ayer, for large values of ¥ , although, as <woc, these
golutions have the sasme limit: equal either to zero or to the
stationary distribution of concentration in height when the

gerosol is reflected by the earth's surface,

Thus, the simpiifying assumption for the problem (1.1) =
(1.3) that‘tha change of conecentration of the aerosol in the
surfece layer is quasi-stationary can be made for large values
of © only when ¥ = 0, i.e. only for a ‘'weightleas’ aerosol®,

2. To caleculste the time taken to set up quasi-station-
ary state in the surface layer when ¥ « 0 we define the
relative srror £ of aubstltutlng v 4 j(‘?‘ f) by g(z(f {},
puiting T

E(t, t)=1- 9‘2’ (v, E)/q?’ (f. C) : - (2.1)

end rezstricting oﬁr elva§ to the aaze o =0. Putting the
principal values of ¢ ¢ gnd % given in (1.4) in %, (p. Gﬂg
defined by (1.6} with ¥ = O and W (py O, B) = — 1, after

gimplification we have, on the boundary of the surface layer

-1 , : _ .
(¢ ) E(q, )=ly@) /L) + @] s=xt.

The requirementg£?§ & gives an inequality for 2% :
1 (z)/ll(a)>s~*~f , (2.2)

-

* [ 3/ - qu;7 concern particularly the turbuvlent diffusion
of ‘weightless substances! - heat and humidity.
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From tables of Besssl funotions ( /6.7 ) we find that
for £= 0.1, x€0.,2, Passing to dimenzional quantities (see

[1.7 end [2]) we obtain an inequality for the time needed

to set up & quasi-siationary state in the aurf&qe 1ayer “to B
scouracy of up to 10%: % >~to(whare’td = 50, 500, 5000 seconds,
the height of the source being E~10, 100, 1000 m respectively,
and where K,/L 1m/secs K, being the average magnitude of the
coefficient of vertical turbulent diffusion outside the
surfacs layers gnd I is the height of the purfase layer).

From this it follews that in many probleme concerning

the turbulent diffusion of a 'weightless' substance in the

béundary layer of the atmosphere the process in the surfuce
layer can in practics be thought of as qnaaiaatationary from

the beginning, In this case we can suggest the following

gimple method for ﬁolving~similar double~layer problems, taking

an arbitrary law of change for the coefficient K(ﬁ) in the
surface 1ayer,

In the layer © é 3‘,,-( T < 1 the solution of the ov&ﬁ.m&ry

differential equation (1. la)far v= 0 , which satisfies the

gncond conéitien of (1.,), is af the farm

4 u | '
O 9= de | 0o =G, 2.

whére cl is a parameter inéependent of ﬁ' Elimiﬁating Gi,
from theme eguations we cbiain th& relatiama L ' a
w t 1 a o (2.4)

1
dq .

D SRR PN s V) =0 e e g

[ g T ]Z~1 A +'( kﬁt) ;

or the houndary of the ‘gurface layer (é’n 1, ¥ (3) = 1).

As & consequence of the equations . 341:@§Q=;'*8q1 /6§QM1“ n
%q?’tﬁi)==q%”(:,1); | - (2.4) oan be used as the boundary




condition at the height { =1 to determine q,iu('r i;) s deeo
to sulva equation (1l.1a) in the halfuplane & > 1 with the
initial condition (1.2) end the first condition of (1.3)s This
‘problem is easily sclved, since fﬁ}f 3.;) 1l a«m&tmn (l.la) has
constant coefficients. Eaving i‘ouna gl)(’:r [) we find the G,
of (2.3) by using the egquation €, = agi® [3¢ h;”'l " ., and from
(2 2) we can find the quaai-stationary solution %‘”(‘2’5’) in

the surface layar, We observe that the parameter of (2 l§~)

LS

is given ‘by
' 1

113“ UB;"“ ! _f L | (2.5}

) ~1
{S K- (©) dc] |
where D = -z S ~ is the experimental]y determined
total turbuleh’t'déﬁéd&tibinw of the surface layer ( [ 7]).‘

B 3, In [1_7 we deseribed a met;had for reducing the
problem (1. 1) - {1.3) approxime.tely to & boundary problem for - |
Can equatlon with constant coefficients (equation (1.1) with
X ({) * 1), by transferring the effect of a ‘change in K )
in the layer < §(l approximately into the boundary condition
(1.3) at the height $=¢,. Condition (1 3) then takes the
form

(200190 + Sqlgey, = Ba (5. W) (3 1)
where ‘ .  ,
1 L[yt AR AN —stald=)t v O | ( 2)
CFEULAs—DLE—t) o v=1 A3
‘. 1/ﬁ-1nto+to—~1 v=0%
. The initial condition (1. 2) anéd the oomiition as Cw#m
¥  In [ 17 the value of B is given only for /3 =, ¥ >0,

however, the method described there can be used to find 'B for
any /3 3’ 0 and for the ocase ¥ = 0.

g




are unchanged,

‘ Lét ug find the comnestion between tha se}utmon q (K’@)
of this problesm and the solution qﬂ(1 £ o= 12 of the prazzﬂm
with & quasi-stationary surface layer., In [-lmf we found tha
vprancipal term of the asymnptotic representation of gm N
analopaus to (1 4)y

| e~(7~~‘i’)/4fr Ay - v BT X
i = g AT __ewmm Aty } 140 (3 5)

R+ v=n||
';(2~“-‘-7{'*"Kov_

Putting w = O, let us form the expression Ao (ﬂ”

B 3216592 ]y uping the principal term of 4, given in (3. 3) As

)ﬁ/f’r«a 0 ve obtain in the 1imit

'lun;‘m(‘r)r:lf/{ +«B{i-w)) -]1/B~~lnca]ﬂm& (3.4

where & is defined by formula (2,44) for X (g) = & o This
neans that for large values of time T the solution 45 (& 4 )

gatiefies the condition {2.,4) and, therefore, & guasi-station-

ary stage state is set up in the surface layer §55K{‘ for‘gég1‘

Ve ocan verify &t once that ag T+ & ?dﬁii)and qlﬁUCT,gj
tend to zersc for 14{<LX and ¥ = 0, although from eguations
(3.2) and (2.4) with  (§) =& ' ' ’ ‘

.hm-‘-"."w_[”{i__f;:;@m’ - (3;.'5)

’1¢c;q‘)'“ 176 =1

Thucs, for lerge values of ¥ , snd for {'}i s the solution g 4,

- end the golution g.(2) of the prohlen with a quasimatatlon&ry
1 o

gurface layer are equivalent,

From this and the fact th&t, 83 we saw in s&ction 1y Qfﬁﬂ '

cis egual to q(TT,Z), the solution of the ‘exact' problen
(3.1) = (1.3), when ¥ = 0 and as v~o, it follows that




K "t: *o

‘ n “ - s gt e Ay e R [ .

qz(*i:‘,‘C) end q(7,f) sre equal for ¢ >1 and for large #alues of

In eonclusion we note that when ¥>0 the prinaapal tevms

of the solutions q2( 7 ,%) and q( )(1,5) &efineﬁ by the expreaumona'

1
(3.3) end (1.4), (1.5) respectively, are no longer equal as T~

o0 with & >, TFor, in the eame way as for (3.5), it is not
diffiedlt to find that 4 - | | o
| i 02 L—lot 2/ (2B =)

i 2,; = - )

wooq, g —1-+2(p--0 )/»(szo)

Thie limit ie not egqual to unity for any f?ﬁl if B hasg the
value given by equation {3.2). fThis corresponds to the deduct-~ ‘
ion in section 1 that for V>0 and as ' .  the solutlon a( » )
of the fexact' problem (1.1) -~ (1.3) does not become‘equal o

the aolutzon ql( )(Z,E) for the quasi-stationary surface layer, "‘

and so the soiation QQCE.Z), nearly equal to q(%&(), is
different from 4y (2 >(*2:’ {) for v»0and large values of T ,

Thus, our simplifying assumption concerning a quasi-

stationery state in the surface layer is 1egitimate enly for S

the prablem of the turbulent dlffusion of & 'weightless'
compovnd {aerosol), The so]ution ¢f the problem of turbu&ent
diffusion of & heavy sercsol (Vv >¢€) in the boundary layer of
the atmOﬂﬂnere ¢an be simplified by the method explainad in /*1;7
of aubstitutlng the coefficient of K{g) in equation (1. 1)

by unity, and the boundary condition (1.,3) by conditions {(3.1)
end (3.2) at the height £ = Lou

% In /1.7 we eatahlished only that the flow Atu)aq g of
the function g (T,f) was nearly equal to that- of QZOK £) at
the height € = .
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